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RESOLUTION  AND  INCOHERENT  COMBINATION 
OF  MULTIPATH  ARRIVALS 

INTRODUCTION 

The  time-varying  impulse  response  of  the  ocean  medium  between  transmitting 
and  receiving  points  is  often  composed  of  several  paths  of  varying  strengths  and 
relative  delays.  If  a  narrowband  signal  is  transmitted  through  such  a  medium, 
the  signal  may  encounter  a  deep  fade  and,  thereby,  seriously  degrade  communica¬ 
tion  performance.  On  the  other  hand,  if  a  broadband  signal  is  transmitted,  the 
multipaths  may  be  resolved  at  the  output  of  a  receiver  matched  filter,  yielding 
a  sequence  of  sharp  pulses  of  varying  strengths  and  relative  delays.  Incoherent 
combination  of  above- threshold  pulses  may  improve  the  system  detection  and 
communication  capability,  without  the  receiver  having  to  know  the  precise  struc¬ 
ture  of  the  curreni  medium  impulse  response.  Here  we  investigate  the  system 
performance  capability  measured  by  a  deflection  criterion  of  receiver  output 
signal- to-noise  ratio,  for  large  signal  time-bandwidth  products,  as  a  function 
of  signaling  bandwidth  and  a  very  general  model  of  the  medium  impulse  response. 

PROBLEM  DEFINITION 

A  block  diagram  of  the  system  to  be  considered  is  given  in  figure  1.  The 
transmitted  signal*  Re{x(t)  exp(i2*f0 1)}  is  a  broadband  signal  centered  on  a 
carrier  frequency.  Its  duration  is  T  seconds  and  its  bandwidth  is  W  hertz; 
the  signal  time-bandwidth  product  TW  is  assumed  to  be  much  larger  than  unity. 
For  example,  x(t)  may  be  a  pseudorandom  sequence.  The  energy  of  the  real 
transmitted  signal  is  Ex. 

The  medium  impulse  response  hm(r)  is  of  duration  L,  and  the  medium 
transfer  function  has  bandwidth  Wm.  Thus  significant  changes  in  hm(T)  can 
occur  no  faster  than  every  1/Wm  seconds;  they  may  occur  much  slower.  The 
medium  impulse  response  is  very  slowly  time-varying;  that  is,  medium  fre¬ 
quency  spread  B  satisfies  the  inequality  B-1  >  T.  There  is  assumed  to  be  no 
Doppler  shift  between  transmitter  and  receiver.  The  detailed  multipath  structure 
of  the  medium  is  not  known  to  the  receiver.  However,  signal  duration  T  is  as¬ 
sumed  to  be  much  larger  than  multipath  spread  L. 

♦Complex  notation  is  employed  in  the  linear  portion  of  the  system  in  figure  1; 
see  appendix  A  in  reference  1,  for  example.  Also,  all  functions  are  centered  at 
the  origin,  for  convenience,  without  loss  of  generality. 


Figure  1.  System  Block  Diagram 

We  assume  that  the  additive  noise  n(t)  is  stationary  Gaussian  and  white  over 
the  passband  of  the  receiver  filter  hr(r).  The  noise  (double- sided)  spectrum 
level  is  Nd  watts/hertz. 

The  receiver  processing  filter  hr(r)  is  selected  as  the  matched  filter  to 
transmitted  signal  x(t);  i.e., 


hr(T)  =  x*  (-  t)  , 

(1) 

Hr(f)  =  X*(f)  . 

(2) 

The  envelope-squared  detector  is  characterized  mathematically  by 

e(t)  =  |  z(t)  | 2  ,  (3) 

since  z(t)  is  a  complex  envelope,  whereas  e(t)  is  a  real  low-pass  waveform. 

Averaging  filter  ha(T)  has  an  impulse  response  duration  La,  which  should 
approximately  equal  the  medium  multipath  duration  L .  Several  choices  are 
available  for  ha(T).  If  it  is  a  simple  unimodal  function,  the  averaging  filter 
merely  adds  up  all  resolved  multipath  signal  outputs  from  the  detector,  in  addi¬ 
tion  to  the  noisy  intervals.  If  ha(T)  were  chosen  instead  to  be  a  set  cf  impulses 
of  different  areas  and  delays,  the  averaging  filter  would  sample  the  detector  out¬ 
put  at  several  relative  time  delays,  weight  them,  and  add  them.  If  the  averaging- 
filter  delays  correspond  to  the  actual  medium  path  delays,  then  a  near-optimum 
incoherent  combination  of  multipath  arrivals  would  take  place.  A  practical 
approximation  to  this  processor  (which,  does  not  require  knowledge  of  the 
medium  path  delays)  is  achieved  by  subjecting  the  detected  output  e(t)  to  a 
threshold  and  passing  only  those  values  above  the  threshold  to  the  averaging  fil¬ 
ter.  However,  if  any  noise  pulses  exceed  the  threshold,  they  too  would  be 
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accumulated.  Here  we  shall  analyze  only  the  performance  of  the  simple  unimodal 
averaging  filter  without  thresholding.  Later  we  shall  comment  on  the  performance 
of  the  thresholding  technique. 

For  a  given  medium  (L,  Wm,  detailed  multipath),  a  given  signal  (T,  Ex), 
and  a  given  receiver  (matched  filter),  we  wish  to  investigate  the  performance 
capability  of  tho  system  in  figure  1,  as  a  function  of  the  signal  bandwidth  W. 
Should  W  be  chosen  larger  or  smaller  than  1/L,  and  by  how  much?  What  are 
the  trade-offs  of  the  various  choices,  such  as  the  increased  noise  allowed  through 
the  matched  filter  for  larger  W,  and  the  effect  of  resolving  individual  multipath 
arrivals  when  W  >  l/L  (i.  e. ,  1/W  <  L)  ?  How  much  of  the  medium  bandwidth 
Wm  should  be  used?  (There  is  no  point  in  transmitting  a  signal  of  bandwidth 
greater  than  Wm,  and,  in  fact,  W  may  have  to  be  chosen  much  smaller  than 
Wm  to  avoid  interference  with  other  nearby  transmitters  and  receivers. )  It 
should  be  noted  that  since  receiver  processing  filter  hr(T)  is  matched  to  trans¬ 
mitted  signal  x(t),  the  receiver  also  changes  with  W,  in  addition  to  the  trans¬ 
mitted  signal  changing. 

A  plot  of  a  typical  detector  output  waveform  e(t)  is  depicted  in  figure  2, 
for  W  >  1/L.  The  central  region  of  extent  L  is  die  important  region  for  sig¬ 
nal  detection.  In  this  region,  the  standard  deviation  of  the  output  noise  is  the 
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Figure  2.  Detector  Output  Waveform 

limiting  factor.  (The  mean  of  the  noise  output  raises  the  average  output  but  does 
not  limit  detectability. )  Accordingly,  the  performance  measure  adopted  at  the 
detector  output  for  the  system  of  figure  1  is  the  deflection  criterion 

es(t) 

de(t)= - ,  (4) 

SD  (e^t)} 

where  subscripts  s  and  n  denote  signal  alone  and  noise  alone,  respectively, 
and  SD  denotes  standard  deviation.  Equation  (4)  is  a  function  of  time  and  can 
have  several  peaks  if  the  medium  multipath  is  resolved  (W  >  1/L);  see  figure  2. 
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The  corresponding  performance  measure  at  the  averaging  filter  output  is 


dr(t)=- 


SD  ir 


Both  (4)  ana  (5)  are  of  interest  here  and  will  be  investigated  for  several  multi- 
path  profiles. 

RESUJ  ■— 

The  derivations  of  (4)  and  (5)  are  presented  in  appendix  A,  and  are  available 
generally  from  (A-6),  (A-7),  (A- 16),  and  (A-17).  We  now  specialize  these  general 
results  to  particular  cases.  A  very  general  model  for  the  medium  impulse  re¬ 
sponse  Vw  is  afforded  by  a  sum  of  spaced  complex  Gaussian  pulses: 

N 

VT)=Wm„?  \  exp  [-» (WmT  -  |  k)2]  .  (6) 

k”**  N 


The  area  of  each  pulse  is  A^  and  is  a  measure  of  the  voltage  attenuation  of  a 
component  path.  By  proper  choice  of  N  and  {Aj.}f  a  wide  variety  of  impulse 
responses  can  be  realized.  The  derivations  of  (4)  and  (5)  for  the  model  of  (6) 
are  presented  in  appendix  A,  along  with  some  simplifying  assumptions  made  for 
mathematical  tractability.  Equation  (4)  is  given  by 


d  At)  - - 

e  8N 


Z)  \  exP 

k  =  -N 


while  (5)  becomes 


dr(t)  =• 


1  +4L|  - 

\  a  m  W2 
_ ” _ m _ 

w2  r  w2  i 

1+  —  l+  —  (i  +  2l2w;)I 

W2  W2  “< 

m-i  L  m  J 


t 


TR  4481 


Z  AkAiexP  w* 

32 

M  =  -N 


(k-i)“jexp  -2tt 


,  8  Wmi 


1  + - Jl  +  2L2  W2 

W2  l  a  m 

m  \  i 


N 

The  fundamental  dimensionless  parameters  are  N,  {A^}  ,  LW,  and 

■r  i  ii  *  t.  _  _______  i  .  .t  t  ...  At.  _ _  "" 


L  /L.  All  other  parameters  depend  on  these: 

cl 


LW_,  = 

1  +  -h 

m 

2 

La 

LaWm  = 

— -  LW, 

L 

W 

LW 

Wm 

LWm 

Wm  LWm  1+|N 

Signal  duration  T  and  detailed  waveform  do  not  appear  in  (7)  or  (8),  because  of 
the  approximation  made  to  the  signal  autocorrelation  funct  on  {see  (A- 2}  through 
(A-5));  however,  the  limitation  TW  »  1  must  always  hold.  The  multipath  dura¬ 
tion  L  can  be  made  much  larger  than  the  inverse  medium  bandwidth  W”1  by 
choosing  the  number  of  terms  N  in  (6)  large.  a 


As  a  basis  for  comparison,  the  maximum  possible  value  of  deflection  de(t) 
is  used.  This  is  the  value  attained  by  a  hypothetical  receiver  which  knows  the 
medium  impulse  response,  in  addition  to  the  transmitted  signal;  also,  the  trans¬ 
mitter  is  presumed  to  have  knowledge  of  the  medium  impulse  response.  The 
maximum  possible  value  is  given  In  (B-12)  from  appendix  B: 


V 


.  if 

max  I  Hm^ 


The  maximum  is  realized  by  concentrating  the  transmitted  signal  spectrum  at 
the  peak  transmission  frequency  of  the  medium.  The  results  to  follow  pertain 
to  the  ratios  of  deflection  criteria 

cyt)  dr(t) 

-  and - .  {11 


Before  we  embark  on  the  detailed  numerical  investigation  of  (11),  some 
useful  insight  into  good  medium  utilization  can  be  obtained  from  (10).  Suppose 
the  medium  transfer  function  is  such  that  |Hm(f)|  2  is  fairly  flat  in  frequency; 
for  example,  supp  jse  the  peak -to-average  ratio  of  |Hm(f)|2  is  of  the  order  of  2. 
Then,  since  a  significant  change  in  |Hm(f)|2  can  occur  in  an  interval  of 
l/L  h(  rtz,  the  transmitted  signal  will  encounter  the  average  transfer  value  if 
W  »  l/L,  and  values  of  (11)  in  the  neighborhood  of  1/2  can  be  anticipated.  Thus  a 
spread  signal  spectrum  with  W  >  l/L  is  a  form  of  diversity  which  avoids  encoun¬ 
tering  solely  a  deep  fade  in  the  medium.  Values  of  (11)  in  the  vicinity  of  1/2  indicate 
good  utilization  of  that  particular  medium,  considering  that  the  detailed  impulse 
response  is  not  known  to  the  processor  under  investigation  here.  Of  course, 
values  of  (11)  much  smaller  than  unity  are  realized  when  the  medium  transfer 
function  has  at  least  one  frequency  of  large  gain;  however,  this  frequency  would 
change  with  time  and  be  unknown  in  most  practical  situations.  Thus  values  of 
(11)  much  smaller  than  unity  do  not  necessarily  indicate  a  poor  processor,  but 
rather  a  medium  that  would  require  continuous  measurement  and  characteriza¬ 
tion  for  optimum  utilization. 

The  first  impulse  response  considered  consists  of  two  positive  pulses,  * 
as  indicated  in  figure  3A.  Plots  of  the  normalized  deflections 

de(t)  dr{t) 

-  and -  (12) 

max  dg(t)  max  dj.(t) 

t  t 

are  given  in  figures  3B  and  3C,  respectively,  for  WL  =  1.4.  The  envelope  detec¬ 
tor  output  deflection  in  figure  3B  is  beginning  to  be  resolved  into  two  components; 
for  larger  values  of  W,  two  distinct  pulses  occur  in  de(t).  The  ratios  of  de¬ 
flection  criteria,  (11),  are  plotted  in  figures  3D  and  3E,  respectively,  for  WL 
in  the  range  (0,8).  It  is  seen  that  the  best  value  of  signal  bandwidth  W  for  this 
impulse  response  (figure  3A)  is  zero.  Tnis  is  in  agreement  with  (10),  because 
the  largest  value  of  the  medium  transfer  function  occurs  at  f  =  0.  There  is  no 
point  in  resolving  the  multipath  structure  when  the  complex  envelope  of  the 
medium  impulse  response  has  the  same  phase  for  ail  values  of  t  . 

However,  a  slight  change  in  center  frequency,  f0,  of  the  transmitted  sig¬ 
nal  or  the  difference  of  medium  paths  delays,  r^,  can  cause  a  significant  phase 
shift  of  components  of  hm(T).  For  example,  in  appendix  C,  it  is  shown  that  a 
change  in  fo  Tfj  of  1/2  causes  the  two  pulses  in  figure  3A  to  have  opposite 

♦Absolute  levels  are  not  important  in  the  impulse  response  and  therefore 
are  not  indicated. 
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polarities.  This  case  is  considered  in  figure  4A.  The  normalized  deflections, 

(12),  are  plotted  in  figures  4B  and  4C,  respectively,  for  the  case  of  WL  =1.6, 
where  the  two  paths  are  well  resolved.  The  ratios  of  deflection  criteria,  (11), 
are  given  in  figures  4D  and  4E.  It  is  seen  that  best  performance  is  attained  for 
WL  approximately  equal  to  1.8  for  this  example.  If  W  is  chosen  too  small,  the 
two  paths  in  figure  4A  are  not  resolved  and  combine  destructively.  As  W  is  in¬ 
creased,  each  path  contributes  separately  (figure  4B),  but  if  W  is  made  too 
large,  too  much  additional  noise  is  allowed  through  receiver  filter  hr(T)  in 
figure  1,  and  performance  degrades,  as  indicated  in  figures  4D  and  4E.  The 
peak  ordinates  of  0.  25  in  figures  4D  and  4E  indicate  rather  good  utilization  of 
the  medium;  furthermore,  the  peak  is  fairly  broad. 

A  third  impulse  response  is  indicated  in  figure  5A.  It  consists  of  two  weak 
long-duration  paths  and  two  strong  short-duration  paths.  The  two  normalized 
deflections,  (12),  are  plotted  in  figures  5B  and  5C,  respectively,  for  WL  =  2.0. 
The  ratios  of  deflection  criteria,  (11),  which  are  depicted  in  figures  5D  and  5E, 
show  that,  as  WL  is  increased  from  zero,  the  weak  long-duration  paths  are 
resolved  and  performance  improves.  However,  once  these  paths  are  resolved, 
additional  bandwidth  allows  in  more  noise,  and  performance  degrades.  But  if 
the  bandwidth  is  increased  still  further,  so  as  to  resolve  the  strong  short-dura¬ 
tion  paths,  performance  is  again  improved.  However,  sufficient  bandwidth  to 
attain  this  performance  may  not  be  available. 

DISCUSSION 

The  performance  of  the  system  considered  herede  'ends  on  the  precise  details 
of  the  medium  (complex  envelope)  impulse  response,  which  has  been  modeled 
as  a  deterministic  linear  filter,  unknown  to  the  transmitter  and  receiver.  Un¬ 
less  the  medium  is  continuously  n  easured  and  characterized,  signal  design  ought 
to  be  accomplished  for  the  "average"  medium  behavior  rather  than  attempt  to 
exploit  some  short-term  behavior,  with possibledrastic fades  and  degradations 
in  performance.  For  a  medium  with  impulse  duration  L,  the  signaling  band¬ 
width  W  should  generally  be  taken  larger  than  1/L,  the  exact  amount  depend¬ 
ing  on  the  particular  impulse  response.  For  too  large  a  value  of  W,  the  receiver- 
matched  filter  passes  too  much  noise,  which  can  not  always  be  overcome  through 
multipath  resolution  and  incoherent  combination.  Also,  interference  limitations 
with  other  transmitters  and  receivers  may  preclude  large  signal  bandwidths. 

For  W  <  1/L,  the  medium  acts  like  a  single  path  with  strength  j/dThrn(r)| , 
which  may  be  strong  or  weak,  depending  on  the  relative  strengths  and  phases  of 
component  paths.  That  is,  constructive  or  destructive  addition  can  occur.  This 
precarious  situation  can  be  alleviated  by  choosing  W  >  l/L;  this  is  a  form  of 
diversity  that  makes  drastic  performance  losses  far  less  likely. 
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Figure  4A.  Medium  Impulse  Response 


Figure  4B.  Normalized  Deflection 
d  (t)/max  d  (t);WL  =  1.6 


Figure  4D.  Ratio  of  Deflection  Criteria, 
max  d  (t)/d 
t  e  e2 


Figure  4C.  Normalized  Deflection  Figure  4E.  Ratio  of  Deflection  Criteria, 


d  (t)/max  d  (t);  WL  =  1. 6,  L  /L  =  1 

r  t  r  a 


max  d  (t)/d  ;  L  /L  =  1 
t  r  e2  a 


Figure  4.  System  Performance  for  a  Bipolar  Impulse  Response 
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Figure  5B.  Normalized  Deflection 
d  (t)/max  d  (t);  WL  =  2.  0 


Figure  5D.  Ratio  of  Deflection  Criteria, 
max  d  (t)/d 
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The  incoherent  combination  of  resolved  outputs  e(t)  in  figure  1  is  accom¬ 
plished  by  averaging  filter  ha(T),  which  was  chosen  here  as  a  simple  unimodal 
filter  of  duration  approximately  L.  The  results  of  figures  3E,  4E,  and  5E  in¬ 
dicate  that  the  deflection  values  have  not  been  increased  above  those  before  in¬ 
coherent  combination.  The  reason  for  this  behavior  is  that  the  noisy  intervals 
at  the  detector  output  have  also  been  accumulated  by  the  averaging  filter,  in  ad¬ 
dition  to  the  signal  contributions.  If  the  envelope-detected  output  e(t)  were 
subjected  instead  to  a  thresholding  operation,  and  then  passed  through  the  aver¬ 
aging  filter,  the  output  deflection  would  be  given  approximately  by 

1  M 

—  V  <Wk>  •  <13> 

■'M  k=l 

where  M  is  the  number  of  threshold  excursions,  and  de(t;k)  is  the  deflection 
criterion  of  the  k-th  excursion.  For  equal  deflections,  (13)  increases  propor¬ 
tionally  with  */M;  thus  incoherent  combination  can  yield  significantly  better 
performance. 

The  main  assumptions  in  this  investigation  are  summarized  below: 

TW  » 1  , 

B-1>T>L,  (14) 

no  Doppler  . 

Thus  the  medium  must  be  under-spread,  BL  must  be  less  than  1,  and  signal 
duration  T  must  be  appropriately  chosen  to  fit  the  medium  parameters.  The 
conclusion  drawn  here  for  the  real  impulse  responses  in  figures  3  through  5 
apply  equally  well  to  complex  impulse  responses. 
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Appendix  A 

DERIVATION  OF  DEFLECTION  CRITERIA 


SIGNAL- ONLY  OUTPUT 

From  figure  1  in  the  main  text,  recall  that  complex  notation  is  utilized,  and 

then 

Ytf)  = 

2(f)  =  iHr(f)Y(f>  H.lf)H„lt)X(f), 

*  H)  =  8  Ik.lt)  9  xft)] , 

(A-l) 

The  time  function  hr(t)^)  x(t)  measures  the  response  of  the  receiver  process¬ 
ing  filter  to  the  transmitted  signal.  If  the  receiver  processing  filter  is  matched 
to  the  transmitted  signal,  then,  using  (1)  from  the  main  text,  we  have 

s  X*(-t)©x!fe)  *  ^ch=  xf^X^r-t)  *  (A-2) 

where  ${t)  is  the  autocorrelation  of  the  signal  x(t).  (For  a  Doppler  shift, 

♦  (t)  would  have  to  be  replaced  by  the  ambiguity  function  of  signal  x(t).)  Then 

(A-l)  becomes 

where 

<t>le>  *  J*  |xW|*  •  2EX . 

Here  E*  is  the  transmitted  signal  energy.  A  sample  plot  of  ♦(t)/^(o)  is  given 
in  figure  A-l. 

The  autocorrelation  $(t)  is  composed  of  two  types  of  components,  the  sin¬ 
gle  large  peak  of  width  1/W  and  the  small  sidelobes;  recall  that  TW  »1.  The 
convolution  of  the  sidelobes  of  $(t)  with  the  details  of  hm(t)  in  (A-3)  will  not 
yield  a  significant  contribution  in  comparison  with  that  due  to  the  main  peak, 


(A-3) 

(A— 4) 


since  contributions  from  some  positive  sidelobes  are  cancelled  by  some  from 
negative  sidelobes.  Hence  the  sidelobe  contributions  are  ignored.  (Actually  this 
is  a  pessimistic  assumption  for  signal  detectability  because  these  low-level  com¬ 
ponents,  after  detection  and  low-pass  filtering,  constitute  a  broad  increase  in 
the  average  output  above  that  normally  due  to  the  noise;  see  figure  2. ) 


In  this  case,  we  have,  using  (A-3),  (A-4),  and  figure  (A-l), 

*it)  #  iK.13*  pit), 

where  pulse  p(t>  is  as  shown  in  figure  A-2. 


Figure  A-2.  Pulse  Approximation  to  Autocorrelation 
Then,  using  subscript  s  to  denote  the  signal-only  output,  we  have 


(A— 5) 


e.  It)  -  1  a  3  ir\  ^  •  P©r,  (A 

and  (no  factor  of  1/2  now  because  we  use  real  waveforms  instead  of  complex 
envelopes) 


r,IA  *  •  e,l t)  -  £-M>  9  ]VtW®p©r. 


(A-7) 


Equations  (A-6)  and  (A-7)  are  the  main  results  for  the  signal-only  output. 
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NOISE-ONLY  OUTPUT 


For  noise  only,  z(t)  is  a  complex  Gaussian  process,  with  spectrum 

•  i  (A-*) 


where  Nj  is  the  double- sided  spectrum  level  of  the  real  received  noise.  Now 


eft)  *  |.Bf. 

The  correlation  function  of  e(t)  is  (see  reference  2) 

elfteM  =  M)|’ 

*  xjw + iK»wr. 

The  spectrum  of  e(t)  is  therefore 

-v-  (xji)6  %(f). 


(A- 9) 


(A-10) 


(A-ll) 


The  dc  component  of  e(t)  does  not  hinder  signal  detection;  it  merely  raises 
the  bias  level.  The  important  quantity  is  the  standard  deviation  of  e(t);  thus 
consider 


Vnr  felt)}  -  Jdf  [Gy0  • 


=  fdf  *  (j^f 


i 

*< 

’>> 

I 


J 


■> 

li. 

A 


rf 


•« 

44 


i 


f 

4 


4 

1 


5 

1 


=  [nj  Jtf  |wf)p] . 


Therefore,  using  (2)  and  (A-4),  we  obtain 

sp{e|fll  =  No  j#  iH.lftl’  -  No  jJf|XK»r  -  *4  2Ex. 


(A-12) 


(A- 13) 


This  quantity  is  independent  of  the  signal  bandwidth  W;  the  independence  is 
due  to  the  choice  of  receiver  processing  filter  Hr(f)  as  the  matched  filter  to 
the  transmitted  signal. 


i 

3 


15 


/ 


k  '•  jj 


TR  4481 


The  spectrum  of  (he  output  r(t)  is,  using  (A-ll), 

c,#)  =  Mt  e«(f) 

-  k©rfe@S(F)+  e,w  «  .  (A- 14) 

The  dc  component  in  r(t)  does  not  hinder  signal  detection.  So  we  consider  the 

vt<-»3  =  ^  iH«©r  [&*«■)»  &,»] 

IHilC  Qh-WT  • 

U  u  '  (A- 15) 

upon  using  (A-8)  and  (3).  This  variance  can  depend  on  signal  bandwidth  W. 


Putting  on  subscript  n  for  noise  alone,  the  main  results  for  the  noise-only 
output  are 

2  £*  (A- 16) 

5Dh  lei  ‘Hill#  lX(ftr])'A  <A-17> 

These  two  relations,  combined  with  (A-6)  and  (A-7),  afford  evaluation  of  the 
deflection  criteria  in  (4)  and  (5). 

CHECK  CASE 


Consider  hm(T)  to  he  a  broadband  filter  with  unity  real  gain.  Then  hm(T) 
approaches  2  6(t),  a  single-path  medium.  Now  let  zYt)  denote  the  real  wave¬ 
form  corresponding  to  complex  envelope  z(t):  z(t)  =  Re  { z(t)  exp  (i2irf0t)}.  Then 

=  e0/o) 


(A- 18) 


using  (A-6)  and  (A-4).  Ibis  value  cuild  be  realized  only  by  a  phase-coherent 
receiver.  Also. 
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Var^i.lfr)]  =  E^/0]  -  iEjis.iart 

-  i  JdFN,)X»r  -  ^E,, 

using  (A-8),  (2),  and  (A-4).  Therefore, 

'  *p*\h$h  T  ^ 

^T>l$n®}  J  =  _W7> 


(A- 19) 


(A-20) 


which  is  the  standard  result  for  a  phase-coherent  matched  filter  for  a  oingle- 
path  in  white  noise,  since  Ex  is  also  the  received  signal  energy  in  this  case. 
There  also  follows 


vbM  rtMrt  ,  g?  ,  £x 

SP  "  ST>|l2wH^r“i  *  2HiE*  *  Z 


(A- 21) 


The  factor  of  1/2  is  due  to  the  squared- envelope  detector;  the  denominator  is 
twice  as  large  in  this  latter  case  (see  (B-9)  through  (B-ll)). 

IMPULSE  RESPONSE  MODEL  AND  SIMPIJFYING  APPROXIMATIONS 

A  general  model  of  the  medium  impulse  response  h^T)  is  afforded  by  a 
sum  of  spaced  complex  Gaussian  pulses: 


k,  M  *  K  &  A  ixf] 


(A-22) 


The  spacing  of  the  component  pulses  is  illustrated  in  figure  A-3.  The  non-zero 


P  i 


h - - - h 


Wm  2Wm 


Figure  A-3.  Spacing  and  Overlap  of 
Component  Pulses 

{Aj,]  extend  only  over  an  interval  covering  L  seconds,  where  (from  A-22)), 


/ 
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1=4  (l  +  iw).  (A- 23) 

Medium  impulse  response  hm(*r)  can  change  significantly  every  l/Wm  seconds; 
however,  it  does  not  have  to,  if  several  adjacent  A^  are  approximately  equal. 
The  medium  transfer  function  is  given  by 

H*  If)  =  exp  (“  Trf/uS)  21  A*  exp  (- « 2r  £  3-i) .  (A-  24) 

The  signal  autocorrelation  pulse  p(t)  in  figure  A-2  is  represented  as 

pff)  -  2EX  (A- 25) 

and  is  depicted  in  figure  A-4.  The  energy  density  spectrum  of  signal  x(t)  is 


Figure  A-4.  Autocorrelation  Pulse  Shape 


then  given  by 

I'XIB)  "  |^cAp(-»2rft)x/^| 


=  j'cff  «xp(-i2irf$  £{t) 

S'  JcjT  exp(-i2irfr)  pfr) 

-  ^  exrf^V wl), 

(A- 26) 

using  (A-2),  (A-25),  and  figures  (A-l)  and  (A-2).  Thus  the  approximation  of  sig¬ 
nal  correlation  $(t)  by  pulse  p(r)  is  tantamount  to  ignoring  the  detailed  wiggles 
in  the  energy  density  spectrum  |X(f)|  2,  which  are  of  width  1/T,  and  consider¬ 
ing  |X(f)]2  to  be  a  broadband  flat  function  with  bandwidth  W.  This  is  a  good 
approximation  to  energy  density  spectra  of  pseudorandom  signals  x(t)  with  large 
TW  product,  for  example. 
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The  averaging  filter  ha(r)  is  represented  by 

W#if)  =■  <A“27> 

and  is  indicated  in  figure  (A-5). 


Figure  A-5.  Averaging  Filter  Characteristics 


All  necessary  scale  factors  have  been  included  in  the  medium,  signal,  and 
filter  characteristics  above.  We  now  begin  the  evaluation  of  (A-6),  (A- 7),  and 
(A-17).  From  (A-22)  and  (A-25), 


Then  (A-6)  yields 


(A- 28) 
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Then  employ  (A-27)  and  obtain 

j'4fina!f)ro^)r«ixif)r] . 


*E* 


(IMLJW71 


(A-32) 


Substitution  into  (A-17)  yields 

5D^=<^tw^-  <A-33) 

The  deflection  criterion  de(t)  in  (4)  follows  from  (A-29)  and  (A-16): 


- 


1+  X 


a  iqjF 


2 


(A— 34) 


The  deflection  criterion  dr(t)  in  (5)  follows  from  (A-30)  and  (A-33) : 

’A 


^•i 7u 


()m£ 


_ V  '  IM  / 


^LAa*  *xf 

MS'H 


__wVw^_ 

i+w7»C 


(m)  -  7t r 


L 


(wt  -  i(M)  wf~) 

(l*>-2k*W*) 

(A-35) 


As  a  check  on  (A-34)  and  (A-35),  let  all  the  A^  =  0  except  A0  =  2,  and 
let  Wm»W.  Then  hm(T)  -*  2  6  (r),  and 

i  tr  ■'  ^**7%  •  (A-36) 

o 

The  first  relation  in  (A-36)  checks  (A- 21),  as  it  should. 


N 

The  fundamental  parameters  in  (A-34)  and  (A-35)  are  N,  {AjJ  ,  LW, 
and  La/L.  All  other  parameters  depend  on  these: 

L'W*  *  I  +*  4"^  (from  (A"23))> 

L*Wm  “ 

_^L_  \JtL  {A’3 

YJm  ~  lk, 
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Appendix  B 

PERFORMANCE  OF  THE  OPTIMUM  PROCESSOR 

In  the  system  of  figure  1  in  the  main  text,  instead  of  choosing  receiver  filter 
hr(T)  to  be  the  matched  filter  to  the  transmitted  signal  x(t),  let  us  choose  it  as 
the  filter  that  maximizes  the  signal-to-noise  ratio  at  the  filter  output.  This 
will  require  knowledge  of  the  medium  characteristics,  and  is  therefore  often 
not  a  practical  alternative;  however,  it  serves  as  a  worthwhile  standard  with 
which  to  compare  practical  processors. 

The  peak  value  of  the  real  signal  output  of  hr(r)  in  figure  1  is 

Wf*  -2,(0  *  expO^rrfOiXf^H^lOHrlOl.  (B-l) 

The  variance  of  the  real  noise  output  of  hr(T)  is 

Wfrlti)  -  =  ijif  =  iNj  I  if  iH.Wr,  (E-2) 

using  the  upper  line  of  (A-19)  and  {A- 8)  from  appendix  A.  The  signal-to-noise 
ratio  adopted  at  the  output  of  hr(r)  is 

[y  (B.3) 

5  <  *  VorfclH)  "  fdfHMfil* 

This  quantity  is  maximized  by  the  choice  of  receiving  filter  as 

Hr,  tf>  =  w 

where  t0  is  the  time  at  which  the  signal  peak  is  desired.  The  maximum  value 
of  SNR  is 

(B-5) 

Now  let  us  further  maximize  (B-5)  by  the  choice  of  the  transmitted  signal 
x(t).  Since 

Jef  I  x(f>r  =  *5.  <»-6> 
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from  (A-4),  the  best  signai  energy  density  spectrum  would  be  one  concentrated 
at  the  frequency  of  maximum  transfer  of  the  medium.  *  The  resulting  signal-to~ 
noise  ratio  is 


(B-7) 


This  is  the  ultimate  value  of  signal-to-noise  ratio  attainable  through  design  of 
both  die  transmitter  and  receiver,  where  both  have  knowledge  of  the  medium 
characteristics. 


For  the  ideal  single-path  medium  with  unity  real  gain,  we  have 

h*to*2&{r),  -  2,  (B-8) 

and  (B-7)  yields  the  standard  value  of  Ejj/Nfj  (see  the  check  case  in  appendix 
A). 


Since  the  envelope- squared  detector  in  figure  1  is  characterized  by  (3)  from 
the  main  text,  we  observe  that 


*£*  e5Hr)  -  ^12,/fc))1  ,  (B-9) 

V.rM  -  Efouofl  ^,0» 

where  we  have  utilised  the  fact  that  zn(t)  is  a  Gaussian  complex-envelope  process 
(see  reference  2).  The  peak  of  the  deflection  criterion  at  the  envelope-detector 
output  can  be  expressed  in  terms  of  SNR  as 


T  foier 

Ef|*»i'] 


-L 

3 


SNR, 


(B-ll) 


employing  (B-l)  through  (B-3).  For  the  optimum  receiving  filter  of  (B-4),  (B-ll) 
becomes 


E, 
8  Ni 


(B-12) 


♦This  would  require  1/T  «l/L;  i.  e.,  signal  duration  T  must  be  much 
larger  than  the  multipath  duration  L. 
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This  is  the  maximum  possible  value  of  d^t)  defined  in  (4)  and  is  used  as  a 
standard  for  comparison  with  actual  processors  that  are  ignorant  of  the  medium 
impulse  response. 

The  following  relations  enable  an  illuminating  conclusion  about  the  behavior 
of  (B-12).  The  medium  transfer  function  satisfies 


=  |Jjt  exp(-i2*fr)K,fc)| 

=  ^ du  exp(-i 2-rfu) 


where  *m(u)  is  the  autocorrelation  of  the  medium  impulse  response: 

*  / 


fcju)  =  jdx  rr-u). 


(B-13) 


(B-14) 


Now  if  hm(r)  were,  for  example,  a  pseudorandom  sequence  of  the  numbers  +1, 
then  «j*m(u)  would  possess  a  single  large  peak  at  the  origin,  and  small  subsid¬ 
iary  peaks  of  different  polarities  and  sizes  elsewhere.  Then  |Hm(f)|  2,  being 
a  Fourier  transform  of  $m(u),  would  consist  of  a  number  of  peakB,  each  of 
approximately  equal  value,  but  would  possess  no  dominant  peak.  For  example, 
|Hm(0)|2  =  |/drhm(T)|2,  which  is  much  smaller  than  [/dT|hm(T)|]2  for  this 
pseudorandom  example;  this  latter  quantity  is  obtainable  for  a  medium  with  like- 
polarity  peaks.  Therefore,  (B-12)  for  the  ODtimum  processor  would  not  be  ex¬ 
pected  to  be  much  larger  than  deflect  criteria  (A-34)  and  (A-35),  for  this 
particular  realization  of  the  medium.  More  generally,  if  hm(r)  has  no  pro¬ 
nounced  periodic  behavior  in  t  ,  and  if  it  has  values  of  both  polarities  (actually 
complex  values  generally),  then  (B-12)  is  expected  to  be  fairly  closely  attained 
by  the  suboptimum  processor  investigated  here.  This  follows  if  the  signal  band¬ 
width  W  can  be  made  large  enough  to  resolve  all  the  individual  multipaths;  this 
may  not  be  possible  in  a  practical  situation. 
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Appendix  C 

PHASE  SHIFT  OF  THE  COMPLEX- ENVELOPE  IMPULSE  RESPONSE 


Consider  a  medium  with  real  impulse  response 


h„tr)  -  alv )+*tx-Td), 


(C-l) 


where  is  the  difference  in  delay  between  two  paths,  each  with  identical  re¬ 
sponse  'IT(t).  Then  the  real  transfer  function  is 

=  A  (f)  *  *xp(-i  2rrf  }  <c“2) 


and  the  complex-envelope  transfer  function  is 

-  2  Ul+40  A  (f 4 


(0-3) 


where  fQ  is  the  signal  center  frequency,  and  U(f)  =  0  for  f  <  0,  1  for  f  >  0. 
The  complex  envelope  impulse  response  follows  as 

=  A  h}  4-  A  Jt-  T4)  exj>(- » ^T-f,  Tj) .  (C-4) 

Now  if  fQ  T(j  is  an  integer,  the  exponential  in  (C-4)  is  +1.  However,  if  f0 
is  a  halt- integer,  the  exponential  is -1.  Therefore  a  change  in  fQ  r,j  as  small 
as  1/2  can  cause  a  phase  reversal  in  component  pulses  of  the  complex  impulse 
response;  this  holds  regardless  of  the  polarity  or  complexity  of  component  re¬ 
sponses  a(r). 
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